In this paper, free vibrations of non-uniform multi-scale nanocomposite beams reinforced by carbon nanotubes (CNTs) are studied. Mori-Tanaka (MT) technique is employed to estimate the effective mechanical properties of three-phase CNT/fiber/polymer composite (CNTFPC) beam. In order to obtain the natural frequencies of structure, the governing equation is solved by means of Generalized Differential Quadrature (GDQ) approach. The accuracy and efficiency of the applied methods are studied and compared with some experimental data reported in previous published works. The influences of volume fraction and agglomeration of nanotubes, volume fraction of long fibers, and different laminate lay-ups on the natural frequency response of structure are examined.
Introduction
The outstanding characteristics of CNTs have motivated many researchers to study the behavior of CNT-reinforced composite (CNTRC) structures such as beams, shells and plates [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Investigations have shown that using CNTs in polymer matrix can significantly enhance the properties of composites [11] [12] [13] [14] . However, one of the inevitable and destructive phenomena in CNTRCs is agglomeration of nanotubes which can extremely influence the properties of composites and their performance [15] [16] [17] . Hence, mechanical characteristics of CNTRC structures like Young modulus should be predicted as accurately as possible. For this reason, MT, as a powerful approach, has been imple-mented by many researchers to estimate the mechanical properties of composite structures reinforced by agglomerated nanotubes [18] [19] [20] .
Due to light weight and high strength-to-mass ratio of three-phase CNTFPC structures, they have been attracted by a large number of researchers [21] [22] [23] [24] [25] . Refiee et al. [26] investigated nonlinear free vibration of simply supported CNTFPC plates with piezoelectric layers. The nanotubes were assumed to be uniformly distributed and randomly oriented in the matrix, and Halpin-Tsai model was employed to predict the material properties of nanocomposite plate. Recently, Kamarian et al. [27] presented natural frequency analysis and optimization of three-phase nanocomposite plates using GDQ technique, MT approach and firefly algorithm. In their work, first, a parametric study was carried out to investigate the influences of effective parameters on the natural frequencies of CNTFPC plates. Then, the fiber orientations of layers were optimized for natural frequency maximization of nanocomposite plates.
Non-uniform structures are being widely utilized in engineering applications especially in aerospace industry to minimize weigh of components or satisfy the geometrical constraints. Vibrational behavior of non-uniform engineering structures cannot be analyzed straightforwardly through closed-form or exact solutions. Therefore, many researchers have applied different numerical methods to investigate natural frequencies of structures with nonuniform cross section or inertia [28] [29] [30] [31] [32] [33] [34] .
The main goal of this paper is to examine natural frequencies of non-uniform CNTFPC beams. The effects of aggregation and volume fraction of nanotubes, volume fraction of E-glass fibers, and various stacking sequences of layers and boundary conditions on the vibrational behavior of structure are studied in details. Here, MT and GDQ methods are used to obtain the mechanical properties of materials and solve the governing equation, respectively. 2 Multi-scale composite material model
Fiber micromechanics model
Consider a three-phase multi-scale composites, as it is shown in Fig. 1 . The flowchart for estimation of material properties of CNTFPCs is provided in Fig. 2 . Micromechanics approach yields [26] .
where F and NCM stand for E-glass fibers and CNTreinforced epoxy materials. Also, E, G 12 , υ, ρ and V indicate the Young's moduli, shear modulus, Poisson's ratio, mass density and volume fraction of materials, respectively. Now, in section 2.2, mechanical properties of the epoxy reinforced by nanotubes are modeled employing MT method. 
Material properties of CNT-reinforced matrix
Here, the equivalent material properties of epoxy resin reinforced by agglomerated CNTs are calculated based on Ref. [35] . In Fig. 3 , it is observed that a number of nanotubes are uniformly dispersed in the epoxy and the other CNTs are agglomerated in the clusters. The following parameters are introduced
Where V* denotes volume of RVE, V r shows the total volume of nanotubes, V cluster represents volume of all clusters, and V r cluster indicates the volume of those CNTs which are included by clusters. According to Eqs. (6, 7) , µ = η = 1 shows the case that nanotubs are uniformly distributed through the epoxy resin. The bulk and shear modulus of clusters (K in and G in ), and the bulk and shear modulus of CNT-reinforced resin outside the clusters (K out and G out ) can be obtained using Eqs. (8) (9) (10) (11) . in which the subscripts m and r stand for the quantities of the resin and nanotubes, and the other parameters can be defined in Ref. [36] . Using MT model, the bulk and shear modulus of nanocmposite matrix can be obtained as
where α and β are defined in Ref. [36] . After calculating the bulk and shear modulus, the final Young's modulus and Poisson's ratio of the CNT-reinforced resin are obtained using the following relations
Governing equations
Consider a non-uniform CNTFPC beam, as it is observed from Fig. 4 . In this figure L and h denote the length and thickness of structure, respectively. Parameter δ, which is called non-uniformity parameter, is defined here to indicate the variations of width of beam in the length direction. In the present work, the width of beam is presumed to vary exponentially versus parameter δ according to b(x) = b 0 e δx and the non-uniformity parameter can vary from −2 to +2, in this paper. It is obvious that the case δ = 0 refers to a beam with uniform section. Based on Euler-Bernoulli beam theory, the governing equation of motion is derived by applying Hamilton's principle
where δ* indicates variational symbol, and T and Π are defined as kinetic energy and potential energy of the CNTFPC beam respectively
in which, σx = Q 11 εx and εx
represent axial stress and axial strain, respectively. By combining Eqs. (16) and (17), after some simplifications, the governing equation is obtained as follow:
where D 11 (x) is the transformed bending stiffness coefficient, defined as
whereQ k ij are defined as the plane stress-reduced stiffness and N L is the number of layers. In order to attain the fundamental frequencies of nanocomposite beam, Eq. (18) is formulated as an eigenvalue problem by using the periodic functionw(x, t) = W(x) e −iωt , in which ω and W(x) are natural frequency and mode shape of the transverse motion of the CNTFPC beam. Hence, the eigenvalue problem is derived as:
GDQ method
GDQ technique, as an efficient numerical technique, is implemented for solving partial differential equations, especially in the field of solid mechanics [37] [38] [39] [40] [41] . Here, this method is utilized to obtain the natural frequencies of non-uniform CNTFPC beam. In this approach, the spatial derivative of a function of given grid point is estimated as a weighted linear sum of all the functional value at all grid point in the whole domain [37] :
In which N denotes the number of grid points, and c n ij is the x i dependent weight coefficients. The fundamental principles of GDQ method can be found in Refs. [37, 38] .
Results and discussion
To verify the efficiency of employed techniques (GDQ and MT), two examples are carried out for comparisons. In the first one, Young modulus of CNT-reinforced epoxy is predicted using MT model and compared with the results reported in Ref. [17] through experiments. For this comparison, the material properties of applied epoxy and CNT are provided in Table 1 . Experimental Young modulus of the nanocomposite versus different CN volume fraction at the state η = 1 and µ = 0.4 is depicted in Fig. 5 . The predicted Young modulus by MT method is also shown in this figure for different values of CNT volume fraction, η and µ. The comparison shows that the just a little difference between experimental data and MT results exist.
As the second example, a comparison is made between the frequency parameters of a symmetrical twenty- Poisson's coeflcient υ m = 0.4
Resin volume fraction
beams obtained from present study (by setting V r = 0 and δ = 0) and the experimental data available in Ref. [44] . The mechanical properties of materials are shown in Table 2. Results in Table 3 represent that GDQ can obtain the natural frequency of composite beams with high accuracy. Now, the natural frequency response of non-uniform CNTFPC beams is characterized. The mechanical properties of beams are presented in Table 4 and unless otherwise stated, the length and height of beam are assumed to be 1m and 0.01m, respectively and b 0 is taken 0.05m. For the analysis, a non-dimensional natural frequency is defined as Ω = ω √︁ ρ m E m h 2 which E m and ρ m denote Young's modulus and density ratio of epoxy resin, respectively. It is also mentioned that simply supported, clamped and free boundary conditions are specified by S, C and F letters symbols, respectively. The effect of stacking sequence of layers on the free vibration of non-uniform nanocomposite beams is shown in Table 6 for various CNT volume fraction and boundary conditions. By focusing on the results of this table, it can be inferred that orientation of fibers has an effective role in free vibrations of CNTFPC beams. It is resulted that the influence of CNT volume fraction is more significant in composite beams with more 90 ∘ layers. This is due to the fact that in the layers with angle 0 ∘ , CNTs do not lead to serious variations in D 11 (x) in Eq. (20) , as the stiffness of structure. In other words, in 0 ∘ layers, the effect of long fibers on D 11 (x) is more dominant compared to the effect of CNTs. Here, the role of agglomeration parameters (µ and η) in vibrational behavior of non-uniform CNTFPC beams is investigated. The fundamental frequencies of beam are tabulated in Table 7 for different nanotube volume fraction, aggregation states and boundary conditions. Table 7 demonstrates that the agglomeration influence of CNTs on natural frequencies of CNTFPC beams is more prominent at high values of nanotube volume fraction. Table 7 and Fig. 6 also confirms that the effect of volume fraction of nanotubes on the natural frequency of structure is reduced if more discrepancy between µ and η is observed.
In Table 8 and Fig. 7 , the effects of non-uniformity parameters δ and boundary conditions on the first three frequency parameters of non-uniform nanocomposite beams are illustrated for the case η = µ = 1. Results indicate that the edge conditions and non-uniformity parameter δ have crucial roles in the vibrational characteristics of the structure. As it is obvious from Table 8, increase in δ has different effects on the vibrational behavior of CNTFPC beams. It is observed that with increase of δ, natural fre- quencies of the C-S and C-F beams decrease while they increase for S-C boundary conditions. For S-S and C-C beam, due to the symmetry of boundary conditions, the variations of frequencies are different and symmetrical behaviors are expected. Fig 7 and Table 8 reveal that with increase of δ, fundamental natural frequency of the structure with C-C boundary conditions first decrease to a minimum value (at δ = 0 where the cross-section profile is uniform) and then increase. Similar behaviors can be observed for the second and third natural frequencies. For the CNTFPC beam with simply supported boundary conditions, it is apparent that the uniform cross section has maximum frequency parameters at the first mode and minimum values at higher modes. According those mentioned about Table 8 and Fig. 7 , it can be concluded that using suitable non-uniformity parameter can be considered as an effective parameter for engineering designs. From  Fig. 7 , another important conclusion can be made regarding the non-uniformity of beam. Results represent that the role of parameter δ is more effective at first modes compared to other modes. Take C-C boundary conditions in this figure for example. Variations of δ from −2 to 0, leads to variations of first natural frequency from 10.904 to 10.636 (difference between the frequencies is about 2.46%) while the variations of third natural frequency of structure is less than 0.68% (from 57.865 to 57.476).
Boundary conditions

Conclusion
In this research work, natural frequency response of nonuniform multi-scale CNTFPC beams was studied taking aggregation of nanotubes into account and using Hamilton' principle, GDQ approach and MT model. From the present work, some conclusions can be made:
• Results show that CNT volume fraction does not have any significant influences on the natural frequencies of orthotropic beams with 0 ∘ layers.
• Variations of natural frequencies against nonuniformity parameter δ at different modes for var- ious boundary conditions can be considered as an important factor for structures design.
• Due to the agglomeration of nanotubes in resin, using only low percent of CNTs (about 2%) leads to improvement in the stiffness of structure.
• The effects of CNTs on vibrational behavior of CNTFPC beams are more prominent for structures with less E-glass fibers.
